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Abstract
In a series of two articles Kebekus studied deformation theory of
minimal rational curves on contact Fano manifolds. Such curves are
called contact lines. Kebekus proved that a contact line through a
general point is necessarily smooth and has a fixed standard splitting
type of the restricted tangent bundle. In this paper we study singular
contact lines and those with special splitting type. We provide restric-
tions on the families of such lines, and on contact Fano varieties which
have reducible varieties of minimal rational tangents. We also show
that the results about singular lines naturally generalise to complex
contact manifolds, which are not necessarily Fano, for instance, quasi-
projective contact manifolds or contact manifolds of Fujiki class C. In
particular, in many cases the dimension of a family of singular lines is
at most 2 less than the dimension of the contact manifold.
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1 Introduction
This article addresses the problem of classification of contact manifolds. A
lot of work has already been done in this direction, see [Bucz10] for an over-
view and motivation in the projective case. The major remaining task is to
classify contact Fano manifolds, which are expected to be always homogen-
eous spaces. Also complex non-projective contact manifolds recently gained
attention, see [HM10], [FP11], [BP12], [PS14], and the classification in the
non-projective case is widely open. Even in dimension three, the classification
of rationally connected compact contact manifolds with b2 ≥ 2 is unknown.
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1.1 Special lines on contact Fano manifolds
In the first place, letX be a contact Fano manifold over the complex numbers
C. That is, X is a complex projective manifold of odd dimension 2n+1, with
an ample line bundle L and a twisted nowhere vanishing 1-form θ : TX → L
satisfying the following property. Let F be the kernel of θ, so that we have
the short exact sequence
0→ F → TX
θ
→ L→ 0.
Then we assume that dθ|∧2
F
is nowhere degenerate, that is Fx is a symplectic
vector space for each x ∈ X. See Proposition 3.7 for more details.
Among the main tools to approach the problem is the theory of minimal
rational curves. In the case of contact Fano manifold X of dimension 2n+1
it amounts to study contact lines. A rational curve C with the normalisation
f : P1 → C ⊂ X is a contact line, if f ∗KX = OP1(−n− 1). Here KX denotes
the canonical divisor of X. Unless X ≃ P2n+1, those contact lines exist, cover
X and form a family of pure dimension 3n− 1.
For a general contact line with a parametrisation f : P1 → X the pullback
of the tangent bundle TX has a certain standard splitting type, namely:
f ∗TX ≃ O⊕(n+1) ⊕O(1)⊕(n−1) ⊕O(2) = O(0n+1, 1n−1, 2). (1.1)
Contact lines satisfying (1.1) are called standard. Life would be much easier
(but more boring), if all the contact lines were known to be standard. This
happens for homogeneous contact manifolds (because the group acts transit-
ively on the set of lines). But in general we know very little. Kebekus proved
that any line through a general point is smooth and standard. Moreover, an
immediate consequence of results by Kebekus is the following bound for the
dimension of the space of singular lines:
Proposition 1.2. Let X be a contact Fano manifold. The dimension of the
variety parametrising singular contact lines on X is at most 2n−1 (compared
with 3n− 1, the dimension of the Chow variety of contact lines).
We show how the theorem follows in Subsection 5.1. We elaborate on this
bound and generalise it to the case when X is a generically contact manifold,
or a contact manifold, which is not necessarily projective (see Subsection 1.2).
Suppose H is an irreducible component of the subset of the Chow variety
parametrising contact lines on a contact Fano manifold X. Assume X is
not isomorphic to P2n+1 (in this case there are no contact lines, since L ≃
OP2n+1(2)), and X is not isomorphic to P(T ∗Pn+1) (this is the only Fano
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case with rkPic(X) ≥ 2). Let Hx be the set of lines through a fixed point
x ∈ X. In this set-up, Kebekus [Kebe05, Thm 3.1] claimed that for general
x ∈ X the set Hx is irreducible. Unfortunately, there is a gap in his proof,
see [Bucz10, Rem. 3.2] for more details. His argument, in fact, shows the
following:
Theorem 1.3 ([Kebe05]). Suppose X is a contact Fano manifold with PicX
generated by the class of the quotient line bundle L = TX/F . If the set Hx
of lines through a general point x ∈ X is reducible, then there exists a subset
B ⊂ H of non-standard lines (i.e. lines for which (1.1) does not hold), such
that dimB = 3n− 2, i.e. B is of codimension 1 in H.
That is, if Hx is reducible, then there are many non-standard lines. The
main result of this article is a description of the potential contact Fano mani-
fold containing many non-standard lines, or more precisely, the locus in such
manifold swept out by the non-standard lines.
Theorem 1.4. Let X be a contact Fano manifold of dimension 2n + 1.
Suppose B ⊂ H is an irreducible subset with dimB = 3n− 2, consisting only
of non-standard lines. Let B ⊂ X be the locus swept by those lines. Then:
(i) B is a non-normal irreducible divisor on X. Denote by ξ : U → B the
normalisation map.
(ii) There exists a normal variety R and a vector bundle E on R, such that
U ≃ P(E) pi→ R, and E = (π∗ξ∗L)∗ is a rank n + 1 vector bundle on a
normal variety R.
(iii) The restriction ξ|Pn of the normalisation to any fibre of π : U → R is
the normalisation of the image ξ(Pn) and (ξ|Pn)∗L = OPn(1).
Part (i) was proved by Kebekus. The rest of the theorem is proved in
Section 6.
This article is among the first attempts to study minimal rational curves
on a projective manifold X, without assuming they are general, or that they
pass through a general point.
1.2 Lines on non-projective contact manifolds
Let X be a complex manifold. For some statements below, we do need some
minimal assumptions on the parameter spaces, for instance, that the local
geometry of singular rational curves determines its global properties. For
instance, the dimension of the closure of the locus swept out by the singular
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rational curves is determined by their infinitesimal deformations. This is
guaranteed if X is either quasi-projective or X is compact in Fujiki class C:
we say X is of Fujiki class C, if it is bimeromorphic to a compact Kähler
manifold [Fuji79]. The parameter space we are mainly interested in is the
Barlet space [Barl75], which is the complex geometry analogue of the Chow
variety [Koll96, Section I.3].
We assume in addition X has a contact structure, or X is a generically
contact manifold. By the latter we mean, that there is a vector subbundle
F ⊂ TX, and the quotient line bundle L = TX/F , such that F |U and
L|U determine a contact structure on an open dense subset U ⊂ X, see
Subsection 4 for more details.
In this setting we can measure the degree of rational curves using the
intersection with L. In particular, the contact lines are the (complete) ra-
tional curves C ⊂ X with the intersection number L.C = 1. Contrary to
the Fano case, there is no guarantee that the lines exist, and the intersection
L.C potentially may be zero or negative. This is a major issue, however,
assuming the lines do exist, we obtain many results that are parallel to the
projective case.
Our first result on singular lines generalises Proposition 1.2.
Theorem 1.5. Suppose X is either a quasi-projective manifold or a com-
plex compact manifold in class C. Suppose moreover (X,F ) is a generically
contact manifold of dimension 2n+ 1. Then:
(i) Singular contact lines do not cover X, or in other words, any contact
line through a general point (if exists) is smooth.
(ii) If in addition X is projective and L is ample, then the dimension of the
space parametrising the singular lines is at most 2n− 1 = dimX − 2.
(iii) If (X,F ) is contact everywhere and a family of singular lines sweeps
out a locus of codimension 1 in X, then the dimension of this family is
2n− 1.
We show the theorem in Subsection 5.3, Corollaries 5.4 and 5.5. The
second result generalises [Kebe01, Lemma 3.5].
Proposition 1.6. Suppose (X,F ) is either a quasi-projective contact man-
ifold or a complex contact compact manifold in class C. Any line through a
general point x ∈ X (if such line exists) is standard, i.e. if f : P1 → X is the
normalisation of this line, then f ∗TX ≃ O(0n+1, 1n−1, 2).
We show the proposition in Subsection 4.1, Corollary 4.6.
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1.3 Historical remarks on projective contact manifolds
We recall the major classification result:
Theorem 1.7 ([KPSW00, Dema02]). Suppose (X,F ) is a projective contact
manifold and L = TX/F is as in (3.5). Then either X = P(T ∗M) for some
projective manifold M and L ≃ OP(T ∗M)(1), or X is Fano and PicX = Z[L],
or X = P2n+1 and L = OP2n+1(2).
The classification of contact Fano manifolds is known in low dimension.
Theorem 1.8. Suppose X is a contact Fano manifold with the Picard group
generated by L, i.e. PicX = Z[L]. Let dimX = 2n + 1. Then n ≥ 2 and if
n = 2, then X is the five dimensional homogeneous G2-manifold.
Excluding the case n = 1 has been claimed first by Ye [Ye94], but his
argument contains a gap. In fact he only provides a proper argument for
Theorem 1.7 in the case n = 1. However nowadays, it is not difficult to
treat the missing case, there are at least two approaches. Firstly, there are
not that many Fano threefolds with Picard number 1 and index 2, and one
can just check all the possibilities. Alternatively, one can use Hirzebruch-
Riemann-Roch theorem, and use cohomological criterions for a manifold to
be a projective space. This latter approach has been implemented in [BP12]
in a more general situation.
The case n = 2 has been proved by Druel [Drue98] using results of
[Muka89], [Mell99], and [Beau98].
1.4 Sketch of proofs and intermediate results
Proposition 1.2 is a combination of two statements, [Kebe01, Prop. 3.3] and
[Kebe02, Thm 3.3(2)], see Section 5.1 for details. Its generalisation The-
orem 1.5 relies on a technical Proposition 5.3, whose proof follows the method
of [Kebe01, Prop. 3.3], carefully adapted to the setting of quasi-projective
varieties and analytic varieties. Proposition 1.6 is proved by a standard ana-
lysis of possible splitting types of the tangent bundle restricted to lines. See
Corollary 4.6 for a stronger version of this statement.
The proof of Theorem 1.4 is more tricky. It is centred about the concept
of a linear subspace in the contact manifold, which generalises the notion of
contact line to higher dimensions. Precisely, a subvariety Γ ⊂ X is a linear
subspace, if and only if the normalisation of Γ is a projective space and the
restriction of L to Γ is a line bundle of degree 1, see §2.2 for more details.
To show Theorem 1.4, we suppose that there is a component B of the set
of non-standard lines of dimension 3n− 2. In particular, by Proposition 1.2,
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a general element of B is a smooth rational curve. By results of Kebekus,
there is a divisor B on X swept out by the lines from B (see Lemma 6.1).
The main aim is to prove that B is dominated by a family of linear subspaces
of dimension n.
To construct the linear subspaces, we use the following characterisation
of the projective space:
Theorem 1.9. Suppose Γ is a projective variety with an ample line bundle
L, such that a general pair of points x, y ∈ Γ is connected by a single rational
curve f : P1 → Γ of degree 1, i.e. f ∗L ≃ OP1(1), x, y ∈ f(P1). Then Γ admits
a normalisation µ : Pk → Γ, where k = dimΓ and µ∗L = OPk(1).
This theorem is a consequence of [Kebe02, Thm 3.6], see Section 2.3 for
details.
Theorem 1.9 is used twice. In the first place we construct a large family
of linear subspaces of dimension 2, next we bundle together the planes, to
obtain a family of linear subspaces of dimension n. More precisely, the tan-
gent spaces to B naturally determine a distribution G of rank 1, i.e. a line
subbundle of TB defined on an open dense subset of U ⊂ B. Suppose c ∈ B
is a general non-standard line and C ⊂ X is the corresponding curve in X.
We take the union of leaves of G through points of C, and we let Γc to be
the Zariski closure of this union. Then we show in Lemma 6.2 that every
two points in Γc are connected by a contact line. Thus the normalisation of
Γc is a projective space Pk. We carefully study the distribution G restricted
to Γc and conclude using Lemma 3.3 that the leaves of G actually are lines
from B. In particular, dimΓc = 2, and its normalisation is P2.
This construction also equips each P2 with a distinguished point y, and
its image in X. We consider Y ⊂ X to be the union of all distinguished
points in X obtained by varying c ∈ B. The critical step in the proof is the
dimension count: we show dimY = n, see Lemma 6.7. The conclusion is
that there is a lot of surfaces Γc, with the same distinguished point y. On
the other hand the locus P y of these projective planes is always contained
in the locus swept by lines through a fixed point y, which is known to have
dimension at most n. We use these informations to show that general two
points x1, x2 in P y are contained in a single Γc, whose distinguished point is
y. The line in the plane P2 normalising Γc is the required line connecting x1
with x2. Thus P y is normalised by a projective space, and its dimension is
calculated to be n. This is the way to construct the family of linear subspaces
of dimension n, whose locus sweeps out the divisor B.
We also show that there is exactly one such linear space through a general
point of B, and only a finite number of them through any point of B. This is
used to compare the family to the normalisation of B. Finally, we conclude
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using [AD14, Prop. 4.10], or Proposition 2.8(i), which characterises projective
space bundles over normal varieties, by analogy to Fujita’s characterisations
for bundles on smooth varieties.
1.5 Overview
In Section 2 we discuss and review parameter spaces for subvarieties and
cycles, namely Barlet space and Chow variety. We define lines, linear spaces
and their families and relate these families to cycle spaces. We describe the
situation when there are plenty of lines on a variety. Section 3 describes the
notions of a distribution and a manifold with a global corank 1 distribution.
In Section 4 we review the literature on contact manifolds and discuss possible
splittings of tangent bundle restricted to lines.
In Section 5 we investigate singular lines on polarised manifolds. In Sec-
tion 6 we show that if there are many non-standard lines on a contact Fano
manifold, then their configuration must be very special.
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2 Parameter spaces for lines and linear sub-
spaces
Throughout the article suppose X is a complex analytic variety with a dis-
tinguished line bundle L. We will say L is a polarisation of X, as it will be
used to measure degrees of some special rational subvarieties. Although we
will often assume X is a projective manifold and L is ample, for some of the
statements below it is not necessary. In particular, we do not want to assume
X is compact or nonsingular to obtain valid statements for open subsets of
X, and subvarieties Y ⊂ X polarised by L|Y .
2.1 Barlet space and Chow variety
In this subsection we overview the properties of the cycle space, which in the
context of complex geometry is called the Barlet space, while in algebraic
geometry it is called the Chow variety. We are only interested in compact
cycles, and in fact mainly in irreducible ones. The reducible ones (that
is, either those with more than one components, or those with multiplicity
higher than 1 at one of the components) appear in our considerations mainly
as limits of irreducible cycles (which are just compact subvarieties).
Given an irreducible analytic space or algebraic variety X, the Barlet
space [Barl75], or Chow variety [Koll96, §I.3], parametrises, in particular,
compact subspaces or subvarieties of X and their limits, which might have
more components, or multiplicities. The main point is that their connected
components parametrise sufficiently nice equidimensional families of subvari-
eties. See also [BM14, Chapter IV] or [GPR94, Chapter VIII, §2].
Note that throughout this section, whenever we speak about pull-back in
the context of cycles, we always mean the Chow pull-back [Koll96, Def. I.3.18],
or cycle-theoretic base change [Barl75, Def. IV.3.1.1]. Similarly fibre refers to
the cycle theoretic notion. The main difference between the cycle theoretic
and scheme theoretic pull-backs, fibres etc. is that we ignore the scheme
structure, but remember the multiplicity of components instead.
We summarise a list of properties of the Chow variety and Barlet space
that we are going to freely use. The main purpose of the lengthy propositions
below is to clarify the meaning of, for example, “the set of singular rational
curves of degree 1 with respect to a line bundle” and their irreducible compon-
ents. In particular, the proposition shows that these irreducible components
have sensible structures of analytic or algebraic varieties. As mentioned in
Section 1, we restrict our attention to an analytic space of Fujiki class C
(i.e. it is compact and bimeromorphically equivalent to a compact Kähler
9
manifold) and quasi-projective varieties.
Proposition 2.1. Suppose X and R are irreducible analytic varieties (re-
spectively, algebraic varieties) and L is a line bundle on X.
(i) If there is a holomorphic (respectively, algebraic) map from R to the
Barlet space (respectively, Chow variety) of X, then there is UR ⊂
X×R consisting of the proper cycles represented by points in the image
of points in R. The map UR →R is proper.
(ii) Conversely, if UR ⊂ X × R is an analytic (or well defined) family
of (proper) cycles in the sense of [GPR94, Chapter VIII, Def. 2.5]
or [Koll96, I.3.10], then there is a map from R to the Barlet space
(respectively, Chow variety), such that UR is the family constructed in
(i).
(iii) In the situation of (i) and (ii) the dimension and degree of the cycles
represented by the points of R are constant. (Here the degree is meas-
ured by the intersection with the line bundle L or its powers).
Furthermore, suppose X is of Fujiki class C (respectively, projective).
(iv) If X is manifold of Fujiki class C, then the connected components of
the Barlet space are of Fujiki class C, in particular, compact.
(v) If X is projective, then the connected components of the Chow variety
are projective.
(vi) The set of reducible cycles (i.e. consisting of at least two components,
counted with multiplicity) in every connected component of the Barlet
space (respectively, Chow variety) is a closed reduced analytic subspace
(respectively, a closed reduced algebraic subscheme) of that component.
Thus the set of irreducible cycles is open in the cycle space, and in
each irreducible component of the cycle space, this open subset is either
empty or dense.
(vii) The set consisting of proper rational curves is a closed reduced analytic
subspace (respectively, closed reduced algebraic subscheme) in each con-
nected component of the set of irreducible cycles. Moreover, the closure
of the set of proper irreducible rational curves in the cycle space is a
closed reduced analytic subspace (respectively, closed reduced algebraic
subscheme).
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(viii) The set of singular rational curves is closed reduced analytic subspace
(respectively, closed reduced algebraic subscheme) in each connected
component of the the set of proper rational curves.
Proof. Items (i) and (ii) are the merits of the definitions of cycle spaces,
see for instance [GPR94, Chapter VIII, Thm 2.7] or [Koll96, Thm I.3.21].
Further, the dimension part in (iii) is again part of the definition of the cycle
space, while the degree part is shown in [Koll96, Prop. I.3.12] for the algebraic
case. For the analytic case, we imitate the algebraic proof. It is enough
to argue locally on R and it is enough to consider the case when R is 1-
dimensional. We may also normalise R and hence assume R is a holomorphic
disc in C around 0. Now, with these assumptions, the components of UR
are flat over R. For flat maps the degree is preserved along the fibres and
summing over the components we obtain the statement.
Item (iv) is quoted in [GPR94, Chapter VIII, Prop. 3.17], and the details
are attributed to [Fuji79]. Analogously, (v) is shown in [Koll96, Thm I.3.21.3].
Item (vi) is an immediate conclusion from [BM14, Prop. IV.7.1.2].
The set of rational 1-dimensional cycles (in the sense of [Barl16], i.e. those
cycles, whose every component is a rational curve) form a closed analytic
subset of the cycle space by [Barl16] (which is projective by (v), if X is
projective). Irreducible rational curves form a Zariski open subset in the set
of rational 1-dimensional cycles by (vi), which shows both claims of item (vii).
To show (viii) suppose R is the set of proper rational curves in the cycle
space and UR is the universal family as in (i). Let S ⊂ UR be the set of
singular points of the fibres. It is a closed analytic or algebraic subspace as
it is locally the zero locus of some minors of differentials. Its image under
the proper map to the cycle space is again closed and analytic by Remmert’s
mapping theorem [GPR94, Chapter III, Cor. 4.3] (in the algebraic geometry
setup, it follows directly from the definitions of a proper morphism [Hart77,
p. 100] and the Zariski topology). 
We are also going to use the analogous properties for a quasi-projective
variety X with a projective compactification X. In this situation, the Chow
variety of X is the open subset of the Chow variety of X consisting of those
cycles that do not intersect the boundary X \ X. Hence the proofs of the
properties below boil down to just applying the projective case and restricting
to the open subset.
Proposition 2.2. Suppose X is a quasi-projective variety.
(v) The connected components of the Chow variety of X are themselves
quasi-projective.
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(vi) The set of reducible cycles in every connected component of the Chow
variety is a closed reduced algebraic subscheme of that component. Thus
the set of irreducible cycles is open in the cycle space, and in each
irreducible component of the cycle space, either empty or dense.
(vii) The set consisting of proper rational curves is a closed reduced algebraic
subscheme in each component of the set of irreducible cycles.
(viii) The set of singular rational curves is closed reduced algebraic subscheme
in each component of the set of proper rational curves.

Thus if X is of Fujiki class C or quasi-projective, then for instance the set
of irreducible singular rational curves is a union of its irreducible components.
Say one of these components is S and suppose Y is an irreducible component
of the cycle space of X (if X is of Fujiki class C or projective; in this case
denote X := X) or of X (if X is quasi-projective) containing S. Let Y ⊂ Y
be the open dense subset of irreducible cycles contained in X. Then S ⊂ Y
and S is a closed analytic (respectively, algebraic) subvariety in Y . Let S
be its closure in Y which is an irreducible analytic (respectively, algebraic)
subvariety in a Y .
The locus S ⊂ X swept by S is the union of cycles in S, which also can
be obtained as the image of the universal family US as in Proposition 2.1(i).
By Remmert’s mapping theorem it is a closed analytic subvariety (or closed
algebraic subvariety). Note that it is irreducible by construction.
Similarly, the locus S ⊂ X swept S is the union of cycles in S, or the
image of the universal family US over S. Since US ⊂ US is an open subset, a
complement of a closed analytic subspace (respectively, algebraic subscheme),
the image S is constructible. In particular, S is dense in S and contains an
open subset also dense in S. So it makes sense to speak about the tangent
space TsS to S at a general point s ∈ S and by Sard Theorem TsS is the
image of a tangent space to US at a (general) point u ∈ US such that u 7→ s.
Analogously, we may define the loci of other sensible families of subvari-
eties, such as: proper rational curves through a fixed point x ∈ X, rational
curves with a non-standard splitting type of the tangent bundle (see §4.1),
linear subspaces (see §2.2). The sensibility of a family of subvarieties R is
guaranteed if its closure R in the cycle space of X is a closed reduced ana-
lytic subspace (respectively, closed reduced algebraic subscheme) and also the
boundary R \R is a closed analytic subspace (respectively, closed algebraic
subscheme).
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2.2 Lines and linear subspaces of a polarised analytic
set
We consider a complete rational curve C ⊂ X with the normalisation
f : P1 → C,
and such that f ∗L = OP1(1). We say that such C is a line on (X,L) — if X
is projective and L is very ample, then such curves are just ordinary lines in
the projective embedding of X by the complete linear system of L.
Analogously, a linear subspace of (X,L) is a subvariety Γ ⊂ X, such that
the normalisation of Γ is µ : Pk → Γ, and µ∗L = OPk(1), where k = dimΓ.
Thus, if k = 1, then Γ is a line in the above sense.
Definition 2.3. A family of linear subspaces of dimension k is:
• a proper surjective morphism π : UR → R between reduced analytic
spaces (respectively, algebraic varieties) with all (cycle theoretic) fibres
isomorphic to Pk, and
• a map ξ : UR → X,
such that all the images inX of fibres of π are linear subspaces and ξ|Pk : Pk →
X is the normalisation map of the image. The map ξ is called the evaluation
map. If k = 1, we simply say a family of lines, rather than a family of linear
subspaces of dimension 1.
If necessary, we may always replace R with its normalisation, and UR
with the pullback, so it is harmless to assume R is normal. Usually, we may
also assume UR is normal.
Lemma 2.4. We say a morphism π : U → R of analytic spaces satisfies (⋆),
if:
(⋆) each set theoretic fibre of π is Pk and there exists a line bundle on U ,
which restricts to O(1) on each (set-theoretic) fibre.
Suppose π : U → R satisfies (⋆) and R is normal. Let Unorm be the normal-
isation of U . Then the composed map πnorm : Unorm →R satisfies (⋆).
Proof. The normalisation map Unorm → U is finite and birational, in par-
ticular it is finite and birational when restricted to a general fibre of πnorm
and π. Thus, it is an isomorphism of the general, reduced fibres. Let L be
the line bundle on U , that restricted to the fibres is O(1), and Lnorm be its
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pullback to Unorm. Then Lnorm has degree 1 on a general fibre and thus on
every fibre. Therefore πnorm is birational on every fibre, and all set-theoretic
fibres are Pk. Furthermore, Lnorm restricts to O(1) on every fibre. 
The following lemma shows that a general fibre of a morphism of normal
varieties is necessarily normal.
Lemma 2.5. Let f : Y → Z be a proper morphism of irreducible normal
analytic varieties (or irreducible normal complex algebraic varieties). Then
there is an open dense subset U ⊂ Z such that for all u ∈ U the fibre f−1(u)
is normal. Moreover, U may be chosen as a complement of a closed analytic
subset of Z, respectively, of a closed algebraic subvariety.
Proof. By Hironaka’s Flattening Theorem [Hiro75, Cor. 1] we may assume
in addition that f is flat, because the flattening procedure does not change
the general fibre. Let N(f) :=
{
p ∈ Y : Yf(p) is normal at p
}
⊂ Y , where
Yf(p) is the fibre of f over f(p). The set N(f) is a (closed) analytic subset
of Y by [Fisc76, Prop. 3.22 on p. 160], or a (closed) algebraic subvariety of
Y by [Grot66, Thm 12.1.6(iv)]. By Remmert’s mapping theorem [GPR94,
Chapter III, Cor. 4.3] the image f(N(f)) is a closed analytic subset of Z. In
the algebraic case f(N(f)) is a closed algebraic subset of Z by the definition
of proper morphism, see for instance [Hart77, Chapter II.4]. It remains to
prove f(N(f)) 6= Z.
Since our base field C is algebraically closed, “normal” is the same as
“geometrically normal”. We are going to reduce the analytic setting to the
local algebraic setting using completions. Without loss of generality, Z is
smooth (by replacing Z with its smooth locus). Further, we may argue locally
and replace Z with a local complete neighbourhood of a smooth point z ∈ Z
and Y with its preimage. That is Z ≃ SpecC[[z1, . . . , zn]]. Further, since
normality is a local property, we may replace Y with a completion of the
local ring of a closed point in y ∈ Y .
Thus we have a dominant morphism Y → Z of local Noetherian schemes
that corresponds to an inclusion of algebras C[[z1, . . . , zn]] → OY (Y ). The
claim of the lemma is that the preimage Yη of the generic point η ∈ Z is
normal. Indeed, Yη = Spec(C[[z1, . . . , zn]] \ {0})−1OY (Y ), which is normal,
as it is a spectrum of a multiplicative set times an integrally closed ring.

The following proposition explains the relation between the families of
linear subspaces and the corresponding subvarieties of the Barlet space (re-
spectively, the Chow variety).
Proposition 2.6. Let X be a complex analytic variety (respectively, complex
algebraic variety) with a line bundle L.
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(i) Suppose π : UR → R is a family of linear subspaces of (X,L) with the
evaluation map ξ : UR → X. Suppose in addition R is normal. Then
there is a morphism from R to the Barlet space of X (respectively, to
the Chow variety of X), such that the image of r ∈ R is the point
representing the linear subspace ξ(π−1(r)).
(ii) SupposeR′ is an irreducible analytic subvariety of Barlet space (respect-
ively, Chow variety) of X, whose all elements represent linear subspaces
of (X,L) of fixed dimension k. Then there exists a family of linear sub-
spaces π : UR → R, such that R ⊂ R′ is an open dense subset and for
each r ∈ R, the image ξ(π−1(r)) is the linear subspace corresponding
to the point r ∈ R′ of Barlet space (respectively, Chow variety).
Proof. To see the first item, consider the incidence subvariety U ′ ⊂ R×X,
U ′ := {(r, x) | x ∈ ξ(π−1(r))}, i.e. U ′ = (π×ξ)(UR). Note that the projection
U ′ → R is proper and U ′ is reduced as it is an image of reduced U . Hence
U ′ →R is a well defined family of cycles in the sense of [Koll96, Def. 1.3.10]
(note that property (1.3.10.4) is implied by the normality and Theorem 1.3.17
in the same book), or analytic family of cycles in the sense [GPR94, Chapter
VIII, Def. 2.5]. Thus by the universal property of Chow varieties or Barlet
space (Proposition 2.1(ii)), there is a morphism from R to the cycle space of
X satisfying the required properties.
To see the second item, we may assume R′ is smooth by restricting to its
open dense subset. Let U ′ be the normalisation of the universal family of the
Barlet space (respectively, Chow variety) restricted to R′, so that U ′ → R′
is a proper surjective morphism with fibres mapped onto linear subspaces
of X. Since both U ′ and R′ are normal, the general fibre is also normal by
Lemma 2.5. DefineR ⊂ R′ to be an open dense subset containing only points
with normal fibre, and U is the restriction of U ′ to R. The map U → R is
proper, since it is a base change of a proper map U ′ → R′. Let r ∈ R and
Ur be the fibre. Then the evaluation map Ur → X, whose image is the linear
subspace corresponding to r, is finite and birational. Since Ur is normal, it
must be the normalisation map and Ur ≃ Pk. This shows that U → R is a
family of linear subspaces. 
Definition 2.7. We say that two points x, y ∈ X are connected by a line, if
there exists a single line C ⊂ X, such that x, y ∈ C.
For the rest of this subsection we suppose X is in addition projective and
L is ample. In this setting we may strengthen Proposition 2.6 using [AD14,
Prop. 4.10]:
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Proposition 2.8. Let X be a projective variety with a line bundle L.
(i) Suppose π : UR →R is a family of linear subspaces of (X,L) of dimen-
sion k with R and UR normal and with the evaluation map ξ : UR → X.
Let E := π∗(ξ∗L). Then E is a vector bundle of rank k + 1 on R and
UR ≃ P(E∗) with OP(E∗)(1) = ξ∗L.
(ii) Suppose L is ample and R is an irreducible normal variety with a
morphism to the Chow variety of X, such that all points in the image
represent linear subspaces of (X,L) of a fixed dimension k. Then there
exists a family of linear subspaces π : UR →R with the evaluation map
ξ, such that for each r ∈ R, the image ξ(π−1(r)) is the linear subspace
corresponding to the image of r in the Chow variety.
(iii) Suppose L is ample. The set of linear subspaces of dimension k is a
Zariski closed subset of the Chow variety of X.
Proof. To prove (i) observe that ξ∗L is ample on every fibre of π, since it is
OPk(1) on every fibre. Thus ξ
∗L is π-ample by [Laza04, Thm 1.7.8] and π is
equidimensional. The claim of (i) follows from [AD14, Prop. 4.10].
Now we argue for (ii). Let UR be the normalisation of the pullback of the
universal family from the Chow variety. Let ξ : UR → X be the composed
map and π : UR → R be the projection. We continue as in the proof of (i):
ξ∗L is ample on all fibres of π, since ξ restricted to such fibre is finite. Thus
ξ∗L is π-ample [Laza04, Thm 1.7.8] and equidimensional, with general fibre
Pk by Proposition 2.6(ii), and ξ∗L|Pk ≃ O(1), thus by [AD14, Prop. 4.10] all
fibres are Pk and π is a family of linear subspaces.
Finally, (iii) is also similar. Let R′ be the subset of the Chow variety
consisting of linear spaces of dimension k. By [Koll96, Thm I.3.21] the set R′
is contained in a projective reduced scheme parametrising cycles of degree
1. We have to prove R′ is Zariski closed. First we show it is constructible.
Indeed, consider the Hom-scheme Hom(Pk → X) and inside this Hom-scheme
the reduced subscheme of linear homomorphisms Homlin(Pk → X). This
subscheme consists of the points representing homomorphisms φ : Pk → X
such that φ∗L ≃ OPk(1). Let Hom
lin,n be the normalisation of Homlin(Pk →
X). Then the projection map Homlin,n×Pk → Homlin,n together with the
evaluation map Homlin,n×Pk → X is a family of linear subspaces of X. By
Proposition 2.6(i) there is a morphism from Homlin,n to the Chow variety
of X. By construction this morphism is surjective onto R′. In particular,
R′ is constructible and R′ contains a Zariski open subset which is dense in
closure of R′. Let R be the normalisation of the closure of R′, π : UR → R
the Chow pullback of the universal family and suppose ξ is the composed
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evaluation map. Clearly π is equidimensional and ξ∗L is π-ample as above,
with general fibre Pk, and ξ∗L|Pk ≃ OPk(1). Again by [AD14, Prop. 4.10] all
fibres are Pk and π is a family of linear spaces. Thus all points in the closure
of R′ represent k-dimensional linear subspaces. 
Therefore if X is projective and L is ample, then we may briefly say that
the reduced scheme (that is, a union of algebraic varieties) parametrising lines
or linear subspaces is also projective. In particular, the property of being
connected by a line is Zariski closed, that is, the set of pairs (x, y) ∈ X ×X,
such that x and y are connected by a line is Zariski closed in X ×X.
We also have the standard consequence of the Mori’s Bend and Break
Lemma:
Lemma 2.9. Suppose X is a projective variety and L is an ample line bundle
on X. Consider a positive dimensional family of distict lines, that is a map
UR →R as above, with R irreducible, dimR > 0, and distinct fibres P1 ⊂ UR
mapped to distinct lines in (X,L). Then the family may have at most 1
common point.
Proof. The argument is classical: we may assume the base of the family
R is projective by replacing it with (the normalisation of) the closure of its
image in the Chow variety, see Proposition 2.8(iii). A positive dimensional
family of rational curves through two fixed points must “break” (see [Koll96,
Cor. II.5.5.2]). Since lines are irreducible, we must have at most one common
point. 
The following is a generalisation, which is also standard, but hard to
reference explicitly. In fact, the proof is very similar to the proof of Mori’s
bend and break theorem. It treats the case when the family has a common
point and claims that the lines in the family have distinct tangent directions.
Lemma 2.10. Suppose X is a projective variety and L is an ample line
bundle on X. Consider a positive dimensional family of distict lines on
(X,L) parametrised by proper and irreducible R with dimR > 0 and a point
x ∈ X common to all lines in the family. If all the lines are smooth at x (or
with at worst nodal singularities), then there is at most finitely many lines
in this family that have a fixed tangent direction at x.
Proof. Suppose on the contrary that there is a positive dimensional set of
lines with a common tangent direction. Without loss of generality, we may
assume thatR is a projective curve and all lines in the family have a common
tangent direction. Normalising R we may assume the curve is smooth. By
Proposition 2.8(i) the total space UR for the family is a projectivisation
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of a vector bundle E of rank 2 over R, UR ≃ P(E). The evaluation map
ξ : P(E)→ X contracts the image of a section σ : R → P(E) to x ∈ X.
To make a further simplification, we may replace X with the image od
the evaluation map ξ. Hence X is a surface. We may also replace X by its
normalisation, i.e. assume X is normal.
In this setting, let X˜ be the blow up of X at x with an exceptional divisor
which is the projectivisation of the tangent cone of X at x. In particular, the
strict tranform of each line in the family passes through a single point x˜ by
our assumption about the tangent directions. Let D ⊂ X˜ be an irreducible
component of the exceptional divisor of the blow up, which contains x˜.
Let U˜ be the minimal resolution of the rational map P(E)→ X 99K X˜:
U˜
ξ˜ //

X˜ ⊃ D
blow up of x

P(E)
ξ //
pi

X ∋ x
R
σ
JJ
Thus U˜ is a blow up of the smooth ruled surface P(E) in several points
s1, . . . , sk. Consider the strict transform of the section σ(R). It is contracted
by the morphism to X˜ to the point x˜. We claim that none of the blown up
point si is on the section σ(R). Otherwise, let C be the fibre of π through
such si ∈ σ(R). The strict transform C˜ of C in U˜ is disjoint from the strict
transform of σ(R), and by minimality of the resolution, ξ˜(C˜) is also disjoint
from x˜, a contradiction. Thus the rational map P(E) 99K X˜ is regular near
σ(R).
It follows that the preimage of D under P(E) 99K X˜ has an irreducible
component Q which intersects properly σ(R), and is contractible in P(E).
Elementary intersection theory shows that such divisor cannot exist on the
ruled surface P(E). That is, suppose Q is numerically equivalent to ασ(R)+
βF , where F is a class of a fibre of π. Then:
σ(R)2 < 0, σ(R) · F = 1, F 2 = 0,
α(ασ(R)2 + 2β) = Q2 < 0, ασ(R)2 + β = Q · σ(R) > 0, α = Q · F ≥ 0,
which has no solutions for α and β. 
2.3 Projective varieties covered by many lines
As outlined in §1.4, in the course of the proof of Theorem 1.4 we will construct
several Zariski closed subsets Γ of a contact manifold, such that any two
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points x, y ∈ Γ are connected by a line contained in Γ. Theorem 1.9 says
that such Γ must have the normalisation equal to Pk, which we now rephrase
in the language of §2.2.
Theorem 2.11. Suppose X is a projective variety with an ample line bundle
L, such that two general points x, y ∈ X are connected by a single line. Then
X is a linear subspace of itself, i.e. it admits a normalisation µ : Pk → X,
where k = dimX and µ∗L = OPk(1).
This theorem is an easy consequence of a characterisation of projective
space by Kebekus [Kebe02, Thm 3.6], but takes into an account a possibility
that X is not normal.
Proof. First let us reduce to the case X is normal. So let µ : X ′ → X be the
normalisation, and pick two general points x′, y′ ∈ X ′. Their images µ(x′)
and µ(y′) are connected by a line C ⊂ X. Let C ′ be the proper transform of
C. Then µ|C′ : C ′ → C is birational and C is also a rational curve, and the
normalisation of f : P1 → C factorises through C ′. So the degree of C ′ with
respect to µ∗L is also 1. Thus it is sufficient to prove the theorem for normal
X.
The set of such curves in the Chow variety of X is closed by Proposi-
tion 2.8(iii), so also special points x and y are connected by curves of degree
1. Then this is a special case of [Kebe02, Thm 3.6] with L replaced with
L⊗2.
3 Distributions
In this subsection we summarise some basic material about distributions.
We essentially follow the convention of [HM04, §2], where a distribution is
an equivalence class of a subbundle defined on some open subset.
Definition 3.1. Suppose E is a vector bundle on an analytic space or an
algebraic variety X. Consider a pair (GU , U), where U ⊂ X is an open dense
subset and GU is a vector subbundle of E|U (in particular, GU is itself a
vector bundle on U). We say two pairs (GU , U) and (G′U ′, U
′) are equivalent
if and only if GU |U∩U ′ = G′U ′|U∩U ′ as subbundles of E|U∩U ′. A distribution G
in E (also denoted G ⊂ E) is an equivalence class of such pairs.
An alternative definition of a distribution is as a subsheaf.
Lemma 3.2. Let X, E be as in the definition above. Given a distribution
G ⊂ E, we can define its sheaf (also denoted G) of sections as the subsheaf of
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sections of E whose images over U are contained in GU , whenever (GU , U)
is a pair in the equivalence class G. The quotient sheaf E/G is torsion
free. Conversely, a subsheaf G ⊂ E, such that E/G is torsion free, uniquely
determines a distribution in E, whose sheaf of sections is G.
The proof is elementary, and since we are not going to use the sheaf
definition, we skip the proof.
Let X, E, and G be as in Definition 3.1. The rank of G is the rank
of GU as the vector bundle on U . Note that rank does not depend on the
choice of U as any two open dense subsets must intersect. We let U(G) be
the maximal open (dense) subset of X such that a pair (GU(G), U(G)) is in
the equivalence class G. Note that if X is normal, then X \ U(G) is always
of codimension at least 2 in X. In particular, if X is a smooth curve, then
G is always a vector subbundle of E.
The word “distribution” is usually associated with a vector subbundle of a
tangent bundle. In this article we need a slightly more general situation: we
will also consider distributions (for example) in the restriction of the tangent
bundle TX|Y or in the normal bundle NY⊂X , where Y is a closed subvariety
of X.
All sorts of natural operations can be applied to distributions. If G1 and
G2 are distributions in E, then G1+G2 and G1∩G2 also are. If f : Z → X is
a morphism, and the image of f intersects U(G), then f ∗G is a distribution
in f ∗E, etc. We say G1 ⊂ G2, if the inclusion holds over U(G1) ∩ U(G2).
One of the situations we will often consider is when Y ⊂ X is a subvariety
or an analytic subspace, and the distribution is G ⊂ TX|Y . For example,
the tangent bundle TY ⊂ TX|Y is a distribution (note that Y need not be
smooth, U(TY ) is the smooth locus of Y ). We will say that a subvariety, or
an analytic subset Z ⊂ Y is G-integral, if Z intersects U(G) and TZ ⊂ G|Z
as distributions in TX|Z . We say Z is a leaf of G, if Z is G-integral and
dimZ = rkG.
The following lemma (in a more general setting) is found in [DC05,
Thm 3.8] or in [AD13, §4.1].
Lemma 3.3. Suppose G ⊂ TPk is a rank 1 distribution on a projective
space Pk, which after the restriction to a general line P1 ⊂ Pk is
OP1(1) ⊂ TP
k|P1 ≃ O(1)
⊕(k−1) ⊕O(2) = O(1k−1, 2).
Then there exists a point y ∈ Pk such that all lines through y are tangent
to G, i.e. the leaves of G are those lines. In particular, the leaves of G are
algebraic.

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3.1 Manifolds with global corank 1 distributions
Definition 3.4. Suppose X is a complex manifold and F ⊂ TX is a dis-
tribution, such that U(F ) = X, i.e. a distribution defined on whole of X.
Suppose rkF = dimX − 1 and let θ : TX → TX/F =: L be the quotient
map, so that the following is a short exact sequence of vector bundles on X:
0→ F → TX
θ
→ L→ 0. (3.5)
In this situation we say that (X,F ) is a manifold with a global corank 1
distribution.
We stress the word global. In the definition above we assume F ⊂ TX is
a vector subbundle.
Observation 3.6. Suppose (X,F ) is a manifold with a global corank 1 dis-
tribution, and Y ⊂ X is an analytic subset. Let Y0 be the smooth locus of
Y and consider a distribution G ⊂ TY0, which is defined as G := TY0 ∩ F .
Then either Y is F -integral, or there exists an open dense subset Y ′ ⊂ Y ,
such that (Y ′, G|Y ′) is a manifold with a global corank 1 distribution.
The above observation captures the motivation for our treatment of man-
ifolds with global corank 1 distributions. That is, even though our primary
interest is in contact manifolds (see §4), in our arguments we will prove claims
about subvarieties of contact manifolds, and they have the property of being
(generically) manifolds with corank 1 distributions. As a side result, some of
our intermediate results apply to a more general situation, than just contact
manifolds.
Proposition 3.7 ([Bucz09, Prop C.1(i) and (iv)]). Let (X,F ) be a manifold
with a global corank 1 distribution and L as in (3.5).
(i) the locally defined derivative dθ determines a well defined homomorph-
ism of vector bundles:
dθ :
∧2F → L.
Specifically, θ : TX → L locally is a 1-form on X (after choosing a
local trivialisation of L). The locally defined derivative of θ is a 2-form,
which depends on the choice of the trivialisation of L. Its restriction to
F does not depend on this choice, and thus it glues to a globally defined
map
∧2F → L.
(ii) If ∆ ⊂ X is F -integral, ∆0 is the smooth locus of ∆, then dθ|∆0 ≡ 0.
In particular:
dim∆ ≤ rkF −
1
2
min
x∈∆
(rk dθx) .
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Suppose Y ⊂ X is a subvariety, G ⊂ TX|Y is another distribution (not
necessarily defined on all of Y ). In this situation by G⊥F we denote the
distribution in TX|Y :
G⊥F := (G ∩ F |Y )
⊥dθ ⊂ F |Y . (3.8)
This distribution is defined on an open dense subset of Y where the rank of
G ∩ F |Y is constant and where rk dθ is constant.
Consider the open subset X0 ⊂ X, where rk dθx is constant and equal
to 2r for x ∈ X0. Suppose ∆ ⊂ X0 is an analytic submanifold. We say
∆ is maximally F -integral if ∆ is F -integral and dim∆ = dimX − r − 1.
This is an analogue of a Legendrian subvariety in contact manifold, but here
F need not to be a contact structure on X (that is, dθx is not necessarily
non-degenerate).
Lemma 3.9. Suppose (X,F ) is a complex maniofold with a global corank 1
distribution, L, θ as in (3.5), and X0 ⊂ X is the open dense subset where
rk dθx is constant.
Pick x ∈ X0 and let v ∈ TxX. Then v ∈ (Fx)⊥dθ (i.e. v is in the
degeneracy locus of dθ), if and only if v ∈ Tx∆ for every maximally F -
integral analytic submanifold ∆ ⊂ X0 containing x.
Proof. We have (Fx)⊥dθ = {v ∈ Fx : ∀w ∈ Fx, dθx(v, w) = 0}. Pick a max-
imally F -integrable analytic submanifold ∆ ⊂ X0 with x ∈ ∆. We first
prove (Fx)⊥dθ ⊂ Tx∆. Suppose otherwise v /∈ Tx∆ and v ∈ (Fx)⊥dθ . Let
W = Tx∆+ v be the vector space of dimension (dim∆+ 1) = dimX − r. It
is an isotropic subspace, because v is perpendicular to everyone, and Tx∆ is
perpendicular to itself. But the maximal possible dimension for an isotropic
subspace is dimFx − r, a contradiction.
We now prove the other direction. The problem is analytically local
around x, so we can assume X = X0 is an analytically open subset of CdimX ,
x = 0, L ≃ OX is a trivial line bundle, and θ ∈ H0(T ∗X ⊗L) ≃ H0(T ∗X) is
in the Darboux normal form θ = dx0−
∑r
i=1 xidxr+i. Clearly Fx = {dx0 = 0}
and (Fx)⊥dθ = {dx0 = · · · = dx2r = 0}. Let∆1 = {x0 = x1 = · · ·xr = 0} and
∆2 = {x0 = xr+1 = · · ·x2r = 0}. These are maximally F -integral submani-
folds of X0 containing x, so
v ∈ T0∆1 ∩ T0∆2 =
{dx0 = dx1 = · · · = dxr = 0} ∩ {dx0 = dxr+1 = · · · = dx2r = 0} =
(Fx)
⊥dθ
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All the manifolds with global corank 1 distributions come with a natural
polarisation in the sense of the opening paragraph of Section 2. Namely,
(X,L = TX/F ) is a polarised manifold. Here L is a line bundle, since it
is a quotient of the vector bundle of rank dimX by its subbundle of rank
dimX − 1.
Lemma 3.10. Let X be a manifold with a global corank 1 distribution F and
L, θ as in (3.5). If Γ ⊂ X is a linear subspace of (X,L), then Γ is F -integral.
In particular, lines are always F -integral.

4 Contact manifolds
Let (X,F ) be a manifold with a global corank 1 distribution, with the short
exact sequence 0→ F → TX
θ
→ L→ 0. In particular, L is a line bundle that
is going to be used to measure the degrees. We say that (X,F ) is a contact
manifold, if dθ :
∧2F → L as in Proposition 3.7 is nowhere degenerate. That
is, dθ makes Fx into a symplectic vector space for each x ∈ X. In particular,
dimX is odd.
If X is a contact manifold of dimension 2n + 1, then −KX is a divisor
linearly equivalent to the Cartier divisor of the line bundle L⊗(n+1). Our main
interest is when X is projective, in fact Fano, which is therefore equivalent to
L being ample. However, some of the statements are true in a more general
setting.
Maximally integral submanifolds (or subvarieties) of contact manifolds
are called Legendrian. That is:
Definition 4.1. A subvariety, or an analytic subspace (or a reduced subs-
cheme) Y ⊂ X is Legendrian, if it is of (pure) dimension n and TY ⊂ F |Y
(as distributions in TX|Y ).
4.1 Splitting types on special lines
In this subsection we suppose that X is a complex contact manifold, with a
contact distribution F ⊂ TX and the quotient line bundle L = TX/F . In
particular, X does not need to be projective, or compact.
Suppose f : P1 → X is a holomorphic map such that f ∗L ≃ O(1), that is
f is a parametrisation of a line. We consider f ∗TX. By [KPSW00, Prop. 2.8]
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the splitting type of this vector bundle is
f ∗TX =
n⊕
i=1
O(ai)⊕
n+1⊕
j=1
O(−bj) = O(a1, . . . , an,−b1, . . . ,−bn+1)
with ai > 0 and bj ≥ 0. We also have c1(f ∗TX) = n + 1, so
∑
ai −
∑
bj =
n+1. Since the differential gives a non-zero morphism TP1 ≃ O(2)→ f ∗TX,
we must have at least one ai ≥ 2.
Definition 4.2. A line C in (X,L) parametrised by f : P1 → X is standard,
if all the integers bi = 0. In such case we must have a1 = 2, and a2 = · · · =
an = 1, and f ∗TX = OP1(0n+1, 1n−1, 2).
Further consider f ∗F . Since F ∗ ≃ F ⊗ L, we also have:
f ∗F ≃
n⊕
i=1
O(ci)⊕
n⊕
i=1
O(1− ci) = O(c1, . . . , cn, 1− c1, . . . , 1− cn)
for some integers ci > 0. In particular, there are exactly n strictly positive
entries in this splitting.
Lemma 4.3. Suppose (X,F ) is a complex contact manifold with line bundle
L = TX/F and f : P1 → X is a parametrisation of a line on (X,L). Then
the short exact sequence
0→ f ∗F → f ∗TX
f∗θ
→ O(1)→ 0
does not split, and ci = ai.
Proof. Suppose on the contrary, that the exact sequence splits. Then one
of the integers ai is equal to 1, say an = 1. Further
f ∗F = O(a1, . . . , an−1,−b1, . . . ,−bn+1),
a contradiction, since there are only n − 1 strictly positive entries in this
splitting.
Consider the restriction f ∗θ : O(a1, . . . , an) → O(1). Since ai ≥ 1 and
the sequence does not split, this restriction must be identically zero. So the
positive part comes from f ∗F and ci = ai. 
Now suppose there is only one b = bn ≥ 0 and the remaining b1 = · · · =
bn−1 = 0. Equivalently, there is at most one negative term in the splitting
of f ∗TX. Then one of the integers ai, say an, must satisfy 1 − an ≤ −b. So
suppose an = b + c for some c > 0. We must have
(∑n−1
i=1 ai
)
+ c = n + 1,
and we conclude:
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Lemma 4.4. If there is at most one negative term in the splitting of f ∗TX,
then either
f ∗TX = O(−b, 0n, 1n−2, 2, b+ 1) and
f ∗F = O(−b,−1, 0n−2, 1n−2, 2, b+ 1),
or
f ∗TX = O(−b, 0n, 1n−1, b+ 2) and
f ∗F = O(−b− 1, 0n−1, 1n−1, b+ 2)
for some b ≥ 0. Note that in the second case the image of f must have
cuspidal singularities (unless b = 0), i.e. the curve is not an immersed curve.
The lemma applies to a situation where there is a set of lines filling in a
divisor.
Lemma 4.5. Assume (X,F ) is a complex contact manifold and X is of
Fujiki class C or quasi-projective. Suppose B is an irreducible (analytic or
algebraic) variety parametrising lines on X, and let B ⊂ X be the locus swept
by those lines. Assume c ∈ B is a general line from B, and let C ⊂ B be
the corresponding curve, with a birational parametrisation f : P1 → C. Then
f ∗TX has at most codim(B ⊂ X) negative terms in its splitting, and the
distribution f ∗TB ⊂ f ∗TX is contained in (f ∗TX)≥0.
Proof. Since C is a rational curve, we can replace B with HomB, a subvariety
of Hom(P1, X), consisting of the morphisms that are birational onto their
images, and whose images are the curves in B. The locus swept by HomB,
i.e. the union of images of all morphisms from HomB, is equal to B. In
this situation f ∈ HomB is a general point, in particular, it is a smooth
point of HomB, even though f might be a singular or non-reduced point of
Hom(P1, X). Similarly, if p ∈ P1 is a general point, then f(p) is a general
point in B.
Thus all the tangent directions in Tf HomB ⊂ Tf Hom(P1, X) can be real-
ised as curves in HomB, that is, as deformations of C, which (in particular)
are contained in B. We have Tf Hom(P1, X) = H0(f ∗TX) and the differen-
tial of the evaluation map Hom(P1, X)× P1 → X at (f, p) is the evaluation
of sections H0(f ∗TX) → f ∗(TX)p = Tf(p)X [Koll96, Prop. II.3.4]. The de-
formations obtained from HomB sweep out B, so the image of the evaluation
contains Tf(p)B, which is only possible if the number of non-negative terms in
the splitting of f ∗TX is at least Tf(p)B = dimB. Equivalently, the number
of negative terms is at most codim(B ⊂ X). 
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Corollary 4.6. Assume (X,F ) is a complex contact manifold and X is of
Fujiki class C or quasi-projective. Suppose B is an irreducible analytic or
algebraic subvariety of the Barlet space or of the Chow variety, whose general
member is a non-standard line. Then:
(i) the locus B swept by B does not cover X, and
(ii) if, in addition, codim(B ⊂ X) = 1, then the splittings of f ∗TX and
f ∗F are as in Lemma 4.4, with b < 0, where f is the normalisation of
the general line from B.

For future reference we note the following lemma:
Lemma 4.7. Assume as above that (X,F ) is a complex contact manifold
and X is of Fujiki class C or quasi-projective. Suppose B is an irreducible
analytic or algebraic subvariety of the Barlet space or of the Chow variety,
whose general member is a non-standard line and codim(B ⊂ X) = 1, where
B ⊂ X is the locus swept by B. Let G ⊂ TX|B be the rank 1 distribution
defined as
G = TB⊥F = (TB ∩ F |Y )
⊥dθ .
Consider a general line in B and its parametrisation f : P1 → X. Then
f ∗G ⊂ f ∗TX is equal to O(b + 1) ⊂ O(−b, 0n, 1n−2, 2, b + 1) or O(b + 2) ⊂
O(−b, 0n, 1n−1, b + 2). In the first case, if in addition b = 1, we may choose
the splitting of O(2, 2) = O(2, b+ 1) = O(2)⊕ O(b + 1) in such a way that
G is the second summand. In the latter case, f ∗G = TP1 as distributions in
f ∗TX, i.e. the general line in B is tangent to G.
Proof. Generically, we have f ∗TB = (f ∗TX)≥0 and
f ∗TB ∩ f ∗F = (f ∗TX)≥0 ∩ f ∗F = O(−1, 0n−2, 1n−2, 2, b+ 1) or
= O(−1, 0n−2, 1n−1, b+ 2).
(see Lemma 4.4 and Corollary 4.6). Thus f ∗TB ∩ f ∗F extends to a vector
subbundle of f ∗TX, and the degree of its perpendicular line bundle
G = (f ∗TB ∩ f ∗F )⊥dθ ≃ (f ∗F/(f ∗TB ∩ f ∗F ))∗ ⊗ f ∗L
is b+1 in the first case or b+2 in the second case. The remaining statements
are straightforward.
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4.2 Parameter spaces for lines on contact Fano mani-
folds
Let (X,F ) be a contact Fano manifold of dimension 2n+1. A lot of attention
aims to understand lines on X. Let us underline, that we mean lines with
respect to the polarisation L = TX/F , as in §2.2. In particular, ifX = P2n+1,
then L ≃ OP2n+1(2) and there are no lines on X. In all the other projective
cases, the lines exist and cover X: for X = P(T ∗M), the ordinary lines in
the fibres are lines with respect to L; for X Fano with PicX = Z[L], this is
observed (for example) in [Kebe01, §2.3].
By Proposition 2.8(iii) the set of lines on (X,L) is Zariski closed in the
Chow variety. Let H be an irreducible component of this set. Thus each
point in c ∈ H represents an irreducible rational curve C ⊂ X with the
normalisation f : P1 → C, and f ∗L = OP1(1).
If Z is a scheme we denote by Zred the reduced subscheme of Z. As in
§2.2, from the definition of the Chow variety, H comes with the following
diagram:
UH
φ
  ❇
❇❇
❇❇
❇❇
❇
pi
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
H X
where UH is the universal family, that is the subvariety of H×X, such that
the projection π : UH → H is equidimensional and the set-theoretic fibre
π−1(c)red is {c}×C, C is the curve corresponding to c. The map φ : UH → X
is a projection on the second coordinate.
For x ∈ X, we let Hx be the scheme of lines through x defined as
π(φ−1(x))red. Here, although Hx has a reduced scheme structure, we avoid
the word “variety”, since we cannot claim Hx is always irreducible. We also
let Hx ⊂ X be the union of lines through x, that is φ(π−1(Hx))red.
Remark 4.8. Kebekus in his presentation of [Kebe01], [Kebe05] assumes in
addition that H dominates X, i.e. there exits a line from H that passes
through a general point of X. However, this assumption is redundant, and
below we briefly explain why.
Proposition 4.9 ([Kebe01, Prop. 4.1]). Suppose X is a contact Fano man-
ifold of dimension 2n+ 1, not isomorphic to P2n+1. Let x ∈ X be any point,
and H an irreducible component of the subset of Chow variety parametrising
lines. Suppose Hx is the scheme of lines through x and Hx is the union of
lines though x as above. Then Hx ⊂ X is Legendrian, in particular, it is of
pure dimension n. Furthermore, Hx is of pure dimension n− 1.
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Note that the proof of [Kebe01, Prop. 4.1] does not use the assumption
that H dominates X. For the sake of completeness, we include a sketch of
the proof.
Proof. By the standard dimension estimates, coming from the deformation
theory and Riemann-Roch for P1, we have dimHx ≥ n − 1 (compare to
[Kebe01, Equation (2.1)]). Moreover dimHx = dimHx + 1 by Mori’s bend
and break (Lemma 2.9). Thus it remains to prove that Hx is F -integral.
Let y ∈ Hx be a general (smooth) point of an irreducible component of
Hx, let c ∈ Hx represent a curve C ⊂ X which contains x and y and is
smooth at y. Let f : P1 → C be the normalisation map with p ∈ P1 mapped
to x. By [Koll96, Prop. II.3.4]
TyHx ⊂ TyC +H
0(P1, f ∗(TX)⊗OP1(−p))|y.
By Lemma 3.10 it is enough to show that the second summand is contained
in Fy. This follows from Lemma 4.3, since all sections of f ∗(TX)⊗OP1(−1)
must come from sections of f ∗(F )⊗OP1(−1). 
Corollary 4.10. Suppose X is a contact Fano manifold of dimension 2n+1,
not isomorphic to P2n+1. Let H be an irreducible component of the subset of
Chow variety parametrising lines. Then dimH = 3n− 1, and H dominates
X.
Proof. As in [Kebe01, (2.1)], dimH ≥ 3n− 1. On the other hand
dimH = dimHx + dimH − 1,
where H ⊂ X is the locus swept by H (i.e. the union of all lines from H), and
x ∈ H is a general point. Since dimHx = n−1 and dimH ≤ dimX = 2n+1,
we must have dimH = 3n− 1 and H = X. 
Similarly, if B,S ⊂ H are some subfamilies of lines, then we define
UB,US ⊂ UH, Bx,Sx ⊂ Hx, Bx, Sx ⊂ Hx in the analogous way. Typic-
ally, B will be the family of non-standard lines, and S will be the family of
singular lines, or rather they will be some irreducible components of these
families.
5 Singular lines
Suppose X is a complex manifold, and L is a line bundle on X. In addition,
we impose our favourite assumptions on X: either X is of Fujiki class C
or X is quasi-projective. Consider the Barlet space of X, i.e. the complex
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geometry analogue of the Chow variety ofX. Inside the Barlet space consider
an irreducible component S of the set of singular lines on (X,L) (see §2.1).
Let US ⊂ S ×X be the universal family for S and let S ⊂ X be the image
of the projection US → X. That is, S is the locus swept by lines from S.
Note that we do not claim that S or S are closed in the Barlet space or in X.
As explained in §2.1, S is locally closed with closure S, which is an analytic
variety, and such that the boundary S \ S is also locally closed. Moreover S
is constructible.
5.1 Kebekus results on singular lines in the projective
case
Deformations of singular rational curves are studied by Kebekus in [Kebe02]
(in general setting) and in [Kebe01, §3] (in the setting of contact Fano man-
ifolds). The summary of these results (restricted to the setting of lines) is
presented in the following proposition.
Proposition 5.1. Let (X,L) be a polarised projective variety (not necessarily
smooth, or normal). Suppose L is ample and x ∈ X is a general point. Then
the set of singular lines through x is at most finite, and all these lines are
smooth at x. If X is in addition a contact Fano manifold with the contact
distribution F ⊂ TX and the quotient TX/F ≃ L, then all lines through x
are smooth.
For a proof see [Kebe02, Thm 3.3(2)] and [Kebe01, Prop. 3.3]. We will
also generalise the latter result and proof in Proposition 5.3. At the moment
we conclude with a proof of Proposition 1.2.
Proof of Proposition 1.2. Let X be a contact Fano manifold with
the ample line bundle L, and suppose S and S are as in the beginning of
this section. By Proposition 5.1 applied to X (contact case), S 6= X, thus
dimS ≤ dimX − 1 = 2n. Further, by Proposition 5.1 applied to (S, L|S)
(general case), there are finitely many singular lines through a general point
of S. Thus dimS = dimS − 1 ≤ 2n− 1 as claimed. 
5.2 Singular lines as morphisms
Now assume again that X is either a quasi-projective manifold, or a complex
manifold of Fujiki class C.
An integral singular rational curve can be always dominated by an integral
singular plane cubic, i.e. by a rational curve with a single node or cusp. For
that reason, let Q be a singular plane cubic, and let Homlin(Q→ X) be the
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normalisation of the space of morphisms f : Q→ X such that the degree of
the line bundle f ∗L is 1. Note that such morphism is automatically birational
onto its image.
Lemma 5.2. Let X be either a quasi-projective manifold, or a complex man-
ifold of Fujiki class C, and L a line bundle on X. Let S be an irreducible
component of the set of singular lines on (X,L). Then there exists a singu-
lar plane cubic Q and an irreducible component HomS of the analytic space
Homlin(Q→ X), which dominates S, i.e. we have the commutative diagram:
HomS ×Q
ev
✽
✽
✽✽
✽✽
✽
✽✽
✽✽
✽
✽✽
✽✽pr1
xxqqq
qq
qq
qq
q
imQ

HomS
im

US
φ
%%❑❑
❑❑
❑❑
❑❑
❑❑
❑
pi
xxqqq
qq
qq
qq
qq
qq
S X
and the map im : HomS → S is dominant. Here ev(f, q) = f(q) is the eval-
uation map, pr1 is the projection map, im(f) is the image curve, considered
as a point in S, and imQ(f, q) = (im(f), f(q)). Moreover, fix a smooth point
q ∈ Q. Then the map imQ|HomS ×{q} : HomS ×{q} → US is dominant too.
Proof.
Pick a general point c ∈ S. If c represents a curve which has at least
one node, pick Q to be the nodal plane cubic. Otherwise, pick Q to be
the cuspidal plane cubic. Let P1 → Q be the normalisation map. The map
Homlin(Q→ X)×P1 → Homlin(Q→ X) together with a map ξ, which is the
composition of the normalisation and ev, makes a family of lines. Thus there
is a map from Homlin(Q → X) to the cycle space by Proposition 2.6. All
singular lines with node or cusp (depending on the singularity of Q) will be in
the image of this map. In particular, by the generality of our choice of c, the
component S is dominated by an irreducible component of Homlin(Q→ X),
showing the first claim.
To see that imQ|HomS ×{q} is dominant, we note that the automorphism
group of Q acts transitively on the smooth points of Q. Compare also with
[Kebe02, Prop. 2.8]. 
5.3 Singular lines and distribution
Suppose in addition 0 → F → TX
θ
→ L → 0 is a short exact sequence of
vector bundles as in §3.1, so that X is a manifold with a global corank 1
distribution.
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The locus S swept by singular lines S contains an open dense subset S0,
which is a locally closed analytic subspace of X. Define the distribution
G ⊂ TX|S0 by G := TS0 ∩ F . By Observation 3.6, either S0 is F -integral,
or there exists a further open dense subset S ′ ⊂ S0, such that (S ′, G|S′) is a
manifold with a global corank 1 distribution.
Proposition 5.3. Let X be a quasi-projective manifold, or a manifold of
Fujiki class C with a global corank 1 distribution F and a component of sin-
gular lines S and its locus S as above. Suppose c ∈ S is a general point
corresponding to a singular line C ⊂ X, and let s ∈ C be a general point
on this line. Then C is tangent to the distribution G⊥F in TS0, i.e. TC is
contained in the degeneracy subbundle of G with respect to dθ|G.
The proof of this proposition follows quite strictly the lines of proof of
[Kebe01, Prop. 3.3], however our statement is stronger.
Proof. Since C ⊂ S, if S0 is F -integral, then the claim follows from Pro-
position 3.7(ii). Thus, using Observation 3.6, we may suppose that S ′ is a
manifold with a global corank 1 distribution which is open and dense in S.
Pick a singular plane cubic Q and an irreducible component HomS as in
Lemma 5.2, so that the map evq : HomS → S, evq(f) = f(q) is dominant for
any smooth point q of Q (compare to the discussion at the end of §2.1).
For a general morphism f ∈ HomS the tangent map of evq has the max-
imal rank at f , i.e. rkf T evq = dimS. The set of pairs (f, q) for which the
rank is maximal is open in HomS ×Q. By [Hart77, II.6.10.2, II.6.11.4 and
Ex. II.6.7] the smooth points of Q are in 1:1-correspondence with line bundles
of degree one. So fix a general f ∈ HomS , and a general point q ∈ Q, such
that OQ(q) ≇ f ∗(L) and rkf T evq = dimS, see Lemma 5.2.
Let s = f(q) and C = f(Q). Note C and s are general as requested
by the assumptions of the proposition. The claim of the proposition is that
TsC ⊂ (Gs)
⊥. Since C ⊂ S, we always have TsC ⊂ Gs, and thus the claim is
that TsC is contained in the degeneracy locus of dθ|G, i.e. TsC ⊂ (Gs)
⊥dθ|G .
Suppose on the contrary — by Lemma 3.9 applied to the manifold with
global corank 1 distribution (S ′, G), there exists ∆ ⊂ S ′, a maximally G-
integral analytic submanifold of S ′, which is transversal to C at s. Since
evq has the maximal rank, we can find a section Γ ⊂ HomS over ∆, i.e. a
submanifold Γ such that evq |Γ : Γ → ∆ is biholomorphic near f → s. By
the construction, ev(Γ × Q) contains a small analytic submanifold ∆′ of S ′
of dimension dim∆ + 1, that contains ∆ and C = f(Q). In particular, ∆′
cannot be G-integral.
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So there exists (f ′, q′) ∈ Γ × Q in a small neighbourhood of (f, q), such
that Tf ′(q′))∆′ 6⊂ Gf ′(q′), so θ(Tf ′(q′)∆′) ≇ 0. But
Tf ′(q′)∆
′ = d ev(Tf ′Γ + Tq′Q) = d evq′(Tf ′Γ) + Tf ′(q′)f
′(Q)
⊂
{
σ(q′) | σ ∈ H0((f ′)∗TX)
}
+ Tf ′(q′)f
′(Q).
Since θ(Tf ′(q′)f ′(Q)) ∼= 0 by Lemma 3.10, there must exist a section σ ∈
H0((f ′)∗TX), such that (f ′)∗(θ)(σ)(q′) 6= 0. But (f ′)∗(θ)(σ) ∈ H0((f ′)∗L)
and
σ(q) ∈ Tf ′(q)Γ ⊂ Gf ′(q)
So (f ′)∗(θ)(σ) 6= 0 and it vanishes at q, a contradiction with our choice of q.
So TsC ⊂ Gs ∩ (Gs)⊥ as claimed.
We obtain the following corollaries which generalise Proposition 5.1 to
the situation, where either X is a projective generically contact manifold,
or X is a contact manifold, which is not necessarily projective. In the first
situation, X could be for instance a birational modification of a projective
contact manifold. In the second situation, X could be a quasi-projective
contact manifold (see [HM10]) or a class C contact manifold (see [FP11],
[BP12]).
Corollary 5.4. Suppose (X,F ) is a complex manifold of dimension 2n + 1
with a global corank 1 distribution, and the quotient line bundle L = TX/F .
In addition assume X is of Fujiki class C or quasi-projective and assume
that (X,F ) is generically contact, that is there exists an open dense subset
X0 ⊂ X such that (X0, F |X0) is a contact manifold. Let S and S be as above.
Then S 6= X, i.e. the singular contact lines do not cover X. If in addition
X is projective and L is ample, then dimS ≤ 2n− 1 = dimX − 2.
Proof. Suppose S is non-empty, c ∈ S is a general singular line, and
s ∈ C is a general point on this line. Then by Proposition 5.3, one has
TsS ∩ Fs ⊂ TsC
⊥ $ Fs. Thus TsS $ TsX and S 6= X.
If X is projective and L is ample, then by Proposition 5.1 (general case
applied to S) we get dimS ≤ dimS − 1 ≤ dimX − 2. 
Corollary 5.5. Suppose (X,F ) is a complex contact manifold of dimension
2n + 1. Assume X is of Fujiki class C or quasi-projective. Let S and S be
as above. If dimS = dimX − 1 = 2n, then dimS = dimX − 2 = 2n − 1,
that is, if the locus swept by some singular lines is a divisor in X, then the
dimension of the space of those lines is 2n− 1.
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Proof. Let S0 ⊂ S be the smooth locus of S. Since S has codimension 1 inX,
hence G := (TS)⊥F is a rank one distribution in TS0, and by Proposition 5.3,
the singular lines in S must be the leaves of G. In particular, there is a unique
such line through a general point of S, and we must have dimS = dimS−1 =
dimX − 2 as claimed.
6 Divisors of non-standard lines
In this section we assume throughout that X is a contact Fano manifold of
dimension 2n + 1 with a contact distribution F ⊂ TX and the ample line
bundle L = TX/F . In addition we assume X 6= P2n+1 and X 6= P(T ∗Pn+1),
so that PicX = Z[L], see Theorem 1.7. We always have n ≥ 2, see The-
orem 1.8.
In this setting, pick any irreducible component H of the set parametrising
lines in X. If c ∈ H is a general line with a birational parametrisation
f : P1 → X, then the splitting type of f ∗TX is standard:
f ∗TX = O(0n+1, 1n−1, 2).
As in Definition 4.2, we say that a line c ∈ H parametrised by f is standard
if it has the above splitting type of f ∗TX. We say c is non-standard, if it has
any other splitting of f ∗TX. In this section we are interested in the subset of
H consisting of non-standard lines. So suppose throughout this section that
B ⊂ H is a closed irreducible subset containing only non-standard lines. Our
aim is to analyse the case when the codimension of the set parametrising lines
with non-standard splitting type of TX is 1. Thus we assume throughout
this section that B ⊂ H is a prime divisor, that is
dimB = 3n− 2.
Let B ⊂ X be the locus swept by all lines in B. By Corollary 4.6 we must
have B 6= X. The lemma below explains that the claim of [Kebe05, Prop. 3.2]
is equivalent to the claim that B as above does not exist.
Lemma 6.1. Let X be a contact Fano manifold with an irreducible compon-
ent of the set of lines H and an irreducible subset of non-standard lines B.
The locus swept by B is denoted B and Hx, Bx, Hx, Bx are as in §4.2. If
codim(B ⊂ H) = 1, then for all x ∈ B the set Bx is a union of irreducible
components of Hx. In particular, dimBx = n − 1, and analogously, Bx is a
union of irreducible components of Hx and dimBx = n. Moreover, B is a
divisor, i.e. dimB = 2n.
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Proof. Hx is of pure dimension n − 1, and Hx is of pure dimension n by
Proposition 4.9. Thus
n− 1 = dimHx ≥ dimBx ≥ dimB + 1− dimB ≥ n− 1
and thus the pure dimension of Bx is n − 1 and Bx is a union of irreducible
components of Hx. Moreover dimB = 2n. Since each component of Hx is
a locus swept by a component of Hx, it follows that Bx is also a union of
irreducible components of Hx. 
To prove Theorem 1.4 we must show that B is covered by linear subspaces
of dimension n. We jump up and down to get this result. By construction, we
start knowing that B is covered by lines, that is linear subspaces of dimension
1. First we jump up and claim B is covered by Pk for some k ≥ 2. Then we
fall down and argue that k = 2. Finally, we jump again and show that there
is a lot of those planes, enough to fill in Pn.
6.1 The first jump
In this subsection we show that the locus B of an irreducible component of
special lines of dimension 3n− 2 is covered by linear subspaces of dimension
k for some k ≥ 2.
The locus B comes with the rank 1 distribution G := (TB)⊥F ⊂ TX|B
as in (3.8). Since rkG = 1, it must be integrable, so locally there exists a
leaf ∆x for general point x ∈ B, that is T∆x = G|∆x . In the course of the
proof, we will see that the Zariski closure of each leaf of G is a line. For now,
we consider c ∈ B, a general point, and let C ⊂ X be the corresponding
non-standard line. Note that C is smooth by Proposition 1.2, and that by a
dimension count C is not tangent to G (there is at most 2n− 1 dimensional
family of algebraic curves tangent to G, while dimB = 3n − 2, and n ≥ 2
by Theorem 1.8). We let Γc ⊂ X be the union of leaves through (general)
points of C:
Γc =
⋃
x∈C
∆x
The Zariski closure of Γc is our candidate for linear subspace of dimension
k ≥ 2, as in the claim of the first jump. In informal words, Γc is a surface
obtained by perturbing the points of C in the directions of G. We will show
that it is also obtained by perturbing the line C.
By its definition the set Γc contains an open subset, which is an analytic
submanifold of X of dimension 2 containing a Zariski-open subset of the non-
standard line C. Fix a general point x ∈ C and consider Bx ⊂ Hx. Since
Bx is a union of irreducible components of Hx by Lemma 6.1, it follows that
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any line c′ ∈ Hx in a small neighbourhood of c is in B. Also c is a smooth
point of B and Bx. The Zariski tangent space of Bx at c is a linear space of
dimension n− 1 contained in TcHx = H0(NC⊂X ⊗mx), with
NC⊂X ⊗mx = (TX|C/TC)⊗mx ≃ OC(−b− 1, (−1)
n, 0n−2, b).
by Corollary 4.6. Here mx ≃ OC(−1) is the ideal sheaf of the point x ∈
C ≃ P1. Under the isomorphism TX|C = OC(−b, 0n, 1n−2, 2, b + 1), the
distribution TB|C is (TX|C)≥0 = OC(0n, 1n−2, 2, b + 1) by Lemma 4.5 and
the distribution G|C = (TB|C)⊥F = OC(b + 1) by Lemma 4.7. If b = 1,
then the splitting of TX|C contains OC(22) = OC(2, b+1) = OC(2)⊕OC(2).
The distribution G|C must be one copy of OC(2), and we pick the splitting
OC(2, b+1) = OC(2)⊕OC(2) in such a way that G|C is the second summand.
Thus OC(b + 1) ⊂ NC⊂X is the image of G|C under TX|C → NC⊂X .
Therefore dimTcHx = (n−2)+ b+1 and inside there we have H0(G|C⊗mx)
of dimension b + 1 and TcBx of dimension n − 1. Thus the two subspaces
must intersect (it is possible to argue, that their intersection is of dimension
1, but we can avoid using this). Therefore, G determines a non-trivial distri-
bution G˜ ⊂ TBx. Let Γ˜c ⊂ Bx be an analytically local integral curve of this
distribution through c.
We claim that Γc and
⋃
c′∈Γ˜c
C ′ ⊂ X generically agree: both are 2-
dimensional, tangent spaces of both contain G, thus they are covered by
leaves of G. They also contain C, which is generically transversal to G, thus
both are swept by leaves through points of C. Define Γc to be the Zariski
closure of Γc. Note that potentially, Γc is of dimension higher than 2, but we
will see this is not the case.
Lemma 6.2. Let B, c, Γc be as above. Then any two points x, y ∈ Γc are
connected by a contact line from B contained in Γc.
Proof. We will say that conn(Z1, Z2) holds for subsets Zi ⊂ Γc, if for all
x ∈ Z1 and y ∈ Z2, the points x and y are connected by a line from B
contained in Γc. First note, that if conn(Z1, Z2) holds, then conn(Z1, Z2)
also holds. Indeed, the set of lines contained in Γc is Zariski closed and so
the set of y ∈ Γc such that conn(x, y) holds for a fixed x is also Zariski closed.
Swapping the roles of x and y we get the claim.
Suppose x ∈ C is a general point and y ∈ Γc is in a small neighbourhood
of C. Since Γc and
⋃
c′∈Γ˜c
C ′ ⊂ X agree, hence there is c′ ∈ Γ˜c ⊂ Bx, such
that y ∈ C ′. Thus C ′ is the required line, and therefore conn(C,Γc) holds.
Now swap the roles of C and C ′. Note that Γc′ = Γc (they are both swept
out by the same leaves), at least in some neighbourhoods. Thus conn(Γc, C ′)
holds for any c′ near c, so conn(Γc,Γc) holds. Taking the Zariski closure, we
obtain the desired conn(Γc,Γc).
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From Theorem 1.9 and Lemma 6.2 we conclude the claim of the first
jump:
Corollary 6.3. The normalisation of Γc is Pk.

6.2 The fall
In this subsection we prove:
Proposition 6.4. In the setting as in the previous subsection and as in
Corollary 6.3, the integer k (i.e. the dimension of Γc) is 2.
As it also happens in real life, jumping up high is very difficult, while
falling down is quick.
Proof. Let µ : Pk → Γc be the normalisation map, and consider the distri-
bution µ∗G ⊂ TPk. Consider C˜ ≃ P1 ⊂ Pk to be the line that dominates
C via the normalisation map µ. Note that C˜ is mapped isomorphically
onto C. We have three distributions in TX|C˜: TP
k|C˜ , G|C˜, T C˜. The first
one contains the latter two and the latter two are generically transversal to
each other. We claim that G|C˜ as a distribution in TP
k|C˜ is isomorphic to
OP1(1) ⊂ OP1(1
k−1, 2). To see that divide out by T C˜ ≃ OP1(2) and recall
that the image of G|C˜ in TX|C˜ = OC˜(−b, 0
n, 1n−2, 2, b+ 1) is the OP1(b+ 1)
component. Then, possibly after a change of splitting, the derivative map
restricted to C˜:
NC˜⊂Pk ≃ OP1(1
k−2)⊕OP1(1)→ NC⊂X ≃ OP1(−b, 0
n, 1n−2, b+ 1)
is given by embedding OP1(1k−2) into OP1(1n−2), and the remaining compon-
ent OP1(1) is mapped non-trivially into OP1(b+ 1). Therefore G|C˜ ⊂ TP
k|C˜
must correspond exactly to this component OP1(1), again possibly after ad-
justing the splitting TPk|C˜ = NC˜⊂Pk ⊕ T C˜.
We obtained a rank 1 distribution µ∗G ⊂ TPk such that its restriction to
a general line P1 ⊂ Pk is OP1(1) ⊂ TPk|P1. Such a distribution can only be
obtained as tangent to lines through some fixed distinguished point y ∈ Pk,
see Lemma 3.3. In particular, the leaves of G are algebraic and thus k = 2,
which completes the proof of the claim of the proposition. 
Although we might be a bit disappointed that k was not equal to n
straight away, we learned a lot from our fall:
36
Corollary 6.5. Let X, B, B be as throughout this section. Then B is dom-
inated by a family of linear subspaces of dimension 2 as defined in §2.2. Let
P be this family and UP be the universal bundle:
UP
φP
!!❇
❇❇
❇❇
❇❇
piP
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
P
υ
FF
B.
The fibres of πP are P2 and the image of a general fibre φP(P2) ⊂ B is
the surface Γc for some line c ∈ B. The restriction of φP to P2 → Γc is
the normalisation map. The rational section υ : P 99K UP is assigning to a
general plane P2 (the normalisation of the surface Γc) its distinguished point
y constructed in the proof of Proposition 6.4.

6.3 The final jump
Having enough experience from our fall we are now ready for the final and
most spectacular jump. We claim the locus B swept by B as above is covered
by linear subspaces of dimension n. Lemma 6.7 below implies the claim and
contains more details what are these subspaces.
Let Y ⊂ B be the closure of the image of φP ◦ υ : P 99K UP → B,
that is the set of all distinguished points as in Corollary 6.5. This locus of
distinguished points is very important in our considerations below and it will
be used to “bundle” linear subspaces of dimension 2 into a linear subspace
of dimension n. Eventually we claim dimY = n, but first we must observe
Y 6= B.
Lemma 6.6. With X, B, B as above and thoughout this section, the locus
Y of distinguished points is not equal to B.
Proof. Let y ∈ B be the general point and suppose by contradiction y ∈
Y , that is, there exists P2 in P with the distinguished point mapped to y.
Since y is general, G is defined at y. The images of lines in P2 through the
distinguished point form a one dimensional family of contact lines tangent
to G. In particular, they share the tangent direction at y. This is impossible
by Lemma 2.10. 
For y ∈ Y , let Py be the closure of the preimage (φP ◦ υ)−1(y), that is,
essentially, the set of the planes P2 with y as the distinguished point. The
locus P y ⊂ B ⊂ X of Py is the union of Γc corresponding to the points in
Py. This is our candidate for the linear space of dimension n.
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Lemma 6.7. We work with the assumptions as throughout this section, that
is, (X,F ) is a contact Fano manifold of dimension 2n + 1 with PicX gen-
erated by the ample line bundle L = TX/F , B is a (3n − 2)-dimensional
irreducible set parametrising non-standard lines on (X,L), B ⊂ X is the
locus swept by B. We also let Y ⊂ B be the locus of distinguished points
as above, and for y ∈ Y , the sets Py ⊂ P, P y ⊂ B are as defined in the
paragraph preceeding this lemma. Then dimY = n and for a general y ∈ Y ,
the locus P y is a component of By (the locus swept by lines from B passing
through y), whose normalisation is a Pn.
Proof. We need to count the dimensions and relative dimensions of the
spaces appearing in our construction. Firstly, a general Γc in P is uniquely
determined by a general line c ∈ B. Thus we have a dominant rational map
B 99K P. The fibres are two dimensional: two lines c, c′ ∈ B determine the
same Γc = Γc′ if and only if the following three conditions are satisfied:
• both C and C ′ intersect the locus where G is defined;
• both C and C ′ are transversal to G at their general points;
• C ′ ⊂ Γc (assuming the above two conditions, this is equivalent to C ⊂
Γc′).
The first two conditions are open in B. The final one is just a statement that
C ′ is an image of one of the lines in the normalisation P2 → Γc, and there is
a two dimensional family of such lines. Thus it follows that:
dimP = dimB − 2 = 3n− 4, and
dimPy = 3n− 4− dimY. (6.8)
Apriori, Py could be reducible. In such a case Equation (6.8) is about pure
dimension: every irreducible component of Py has dimension 3n−4−dimY .
Let S ⊂ B be the closure of the set of lines tangent to G. Note that
dimS = 2n− 1 since there is a unique line in S through each general point
of B. Also for a general line c ∈ S the intersection C ∩ Y is non-empty
and finite. To prove this claim, the general point s ∈ C is a general point
of B and belongs to a general P2 ∈ P. Thus C is the image of the line in
the plane P2, that connects s and the distinguished point of P2. This shows
the intersection C ∩ Y is non-empty. Also C is not contained in Y , since
otherwise Y = B contrary to Lemma 6.6. Thus C ∩ Y is finite.
38
Let y ∈ Y be a general point and suppose Sy ⊂ S is the set of lines in S
containing y. Then
dimSy = dimS − dimY = 2n− 1− dimY and
dimSy ≤ dimBy = n− 1, so that
dimY ≥ n. (6.9)
Furthermore, consider the locus Sy ⊂ By swept by these lines. Note P y ⊂ Sy,
thus:
dimP y ≤ dimSy ≤ dimSy + 1 = 2n− dimY. (6.10)
Let UPy be the restriction of UP to Py, so that the image is P y =
φP(UPy) ⊂ B. We also consider the fibre product
U2Py := UPy ×Py UPy ,
so that dimU2Py = dimP
y + 4
(6.8)
= 3n− dimY, (6.11)
and its map to P y × P y. Less formally, U2Py is the set of triples (P
2, u˜, v˜),
with u˜, v˜ ∈ P2 and the triple is mapped to two points u, v in Γc which is the
surface normalised by the plane P2. The two points in Γc are the images of u˜
and v˜ under the normalisation map. We claim that the map U2Py → P
y×P y
is generically finite onto its image. More precisely, the map is generically
finite onto the image of each irreducible component of U2Py .
To prove the claim, suppose that there is a curve Z ⊂ U2Py contracted
to a single point (u, v) ∈ P y × P y. Suppose moreover, that Z contains a
general point z0 of U2Py (more precisely, z0 is a general point of any of the
components). The generality conditions on (P2z0, u˜z0, v˜z0) ∈ Z that we need
are:
• If y˜z0 ∈ P
2
z0
is the distinguished point, then u˜z0, v˜z0, y˜z0 are not on a line
in P2z0.
• G is defined at uz0.
Then Z determines a curve in Py, such that each P2z on this curve contains
all three of the points y, u, v. In particular, we can take the family of lines
connecting u and v on each of the planes P2. By Lemma 2.9, the family
of lines must be constant. This is a contradiction, since each plane P2 is
uniquely determined by the line (because G is defined at u, so in particular,
it is defined at a general point of that line).
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Thus U2Py → P
y × P y is generically finite onto its image, and
dimU2Py ≤ 2 dimP
y. (6.12)
We summarise our dimension counts:
3n− dimY
(6.11)
= dimU2Py
(6.12)
≤ 2 dimP y
(6.10)
≤ 2(2n− dimY ) (6.13)
thus dimY ≤ n and combining with Inequality (6.9):
dimY = n. (6.14)
Thus we obtain the first claim of the lemma. Moreover, rewriting (6.13):
2n = dimU2Py
(6.12)
≤ 2 dimP y
(6.10)
≤ 2n
we obtain an equality in (6.10) and in (6.12):
dimP y = n
dimU2Py = 2dimP
y.
Since the map U2Py → P
y×P y is generically finite onto its image, the dimen-
sion count proves that the map is dominant. Equivalently, for two general
points in P y, there exists a P2 in Py, whose image in P y contains both
points. In particular, there exists a line connecting the two points. Thus the
normalisation of P y is Pn by Theorem 1.9, and the lemma is proved. 
The lemma completes the proof of the claim of the final jump. Now we
can conclude our article with the proof of Theorem 1.4 about the structure
of the locus B.
Proof of Theorem 1.4. With B and B as above, we have shown in Lemma 6.7,
that B is a divisor covered by linear subspaces of dimension n. We claim
there is a unique such linear subspace through a general point of B. To see
this we will construct a distribution G′ ⊂ TB such that each linear subspace
is a leaf of G′.
Consider the lines tangent to G. They form a family of lines of dimension
2n−1, which cover the divisor B. This is the same family as was denoted by
S in the proof of Lemma 6.7. Pick a general such line C. As in Section 4.1,
consider the subbundle (TX|C)+ =
⊕n
i=1O(ai), which is the sum of positive
line bundle summands, i.e. ai > 0. Then this bundle has a constant (inde-
pendent of C) rank n. Since there is a unique such line through a general
point of B, the subbundles (TX|C)+ glue together to a rank n distribution
G′ in TX|B. Each linear space is swept out by the deformations of C with
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one point fixed. Thus the tangent space to the linear space at its general
point is equal to the fibre of G′.
In particular, there is a unique linear space through a general point of B.
Consider the (normalised) family of linear spaces π : UR →R of dimension n,
that dominates B. By Proposition 2.8 the base of the family might be chosen
to be projective, the sheaf E := π∗(ξ∗L) is a vector bundle of rank n + 1,
and UR ≃ P(E∗) with OP(E∗)(1) = ξ∗L. Moreover we may asume that the
morphism to Chow variety as in Proposition 2.6(i) is a normalisation of its
image, in particular finite. Above uniqueness argument shows the evaluation
map ξ is birational. Moreover, we claim below that ξ is finite. The claim
(proven in the next paragraph) implies, that ξ is the normalisation map of
B, thus completes the proof of the theorem.
Let UR
β
−→ U ′
α
−→ B be the Stein factorisation of ξ with β being a projective
morphism with connected fibres, α a finite morphism, and U ′ normal. We
claim that β is an isomorphism. To see that, suppose by contradiction that
ξ contracts an irreducible closed positive dimensional subvariety Z ⊂ UR to
a point x ∈ X. If Z is contained in some fibre Pn, then ξ∗L|Z is ample
by our assumption on ξ∗L and trivial by our choice of Z, a contradiction.
Thus Z maps onto a closed positive dimensional and irreducible Z˜ ⊂ R.
Let UZ˜ ⊂ UR be the restricted family. The image ξ(UZ˜) is an irreducible
subset of X, whose every point is connected with x by a line. Therefore
ξ(UZ˜) ⊂ Hx and by dimension count ξ(UZ˜) = ξ(Uz˜), for any z˜ ∈ Z˜. In
particular, Z˜ is contracted under the morphism from R to the Chow variety.
This is impossible, since the morphism is finite (it is a normalisation of a
subset of the Chow variety), and dim Z˜ > 0.
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